The Association of German Engineers VDI 2737:2005 and the International Organisation for Standardisation ISO 6336:2006 are universally accepted analytical procedures for the analysis of internal gears. There is no official American Gear Manufacturers Association standard for internal gear stress analysis due to the validity of inscribing the Lewis parabola within internal concave profiles and the resulting errors associated with the location of maximum root bending stress. This research investigates the differences associated with using ISO 6336, VDI 2737 and an unofficial American Gear Manufacturers Association method, all of which are compared against a potentially more accurate numerical (ANSYS) method and strain gauge techniques.
Introduction
Since 1893, when Lewis 1 proposed that the stresses in gear tooth roots could be established by approximating their analysis as simple beams in bending, the complexity of gear stress analysis has progressed considerably into its current guise, more of which will be discussed later. Significant advances in gear research coincided with the advent of what were novel stress analysis techniques such as photoelasticity [2] [3] [4] [5] [6] [7] and numerical finite element methods [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] which became common place in the early and late 1900s, respectively, a summary of which has already been discussed in detail by Lisle et al. 18 Arguably, the historic majority of this research concentrated on the analysis of external gears, as opposed to internal gears, the stress analysis of which is now of equal importance, especially with regards to the aerospace industry.
In 1996, the International Organisation for Standardisation released the first version of ISO 6336 19 responsible for internal (and external) gear stress analysis, assuming that the location of maximum internal tooth root bending stress coincided with that of external gears, that is the 30 tangent point, as illustrated in Figure 1 . After its revision in 2006, 20 
ISO, VDI and AGMA root bending stress
Internal root bending stresses established in accordance with ISO, VDI (step 1, neglecting centrifugal forces) and the internal AGMA method, are established as follows
Equations (1) through (3) are analogous to those used for external gears, where F t , b and m n are the tangential force, facewidth and normal module, respectively. The height and second moment of area of the tooth are accounted for via the form Y F (ISO) and geometry Y (AGMA) factors, whilst the root fillet radius is used to determine the stress concentration factors Y S (ISO) and K f (AGMA). VDI differs slightly in its appearance since it combines the stress concentration factor Y Sab together with the form factor for bending Y Fa and compression Y Fad to produce the tip factor Y FS . Indeed, the foundation for all three of these stress analysis methods are identical, nevertheless discrepancies arise due to a number of significant factors, namely,
. The original release of ISO 1996 based the critical section on the 30 tangent point, as per its external gear stress analysis procedures. ISO 2006 and VDI both use the 60 tangent point whilst the AGMA method adopts the inscribed Lewis parabola, for which Savage et al. 23 present a method for its determination, analogous to that provided by Dolan and Broghamer 3 for external gears. iteratively the root fillet radius at the 60 tangent point based on the tool tip radius, albeit they can produce different results. . Since there is no official AGMA standard for internal gears, there is no method for establishing the AGMA root fillet radius required for the stress concentration factor. For the purpose of this research, it was decided to establish the root fillet In summary, this report compares the root bending stress established using ISO 1996, ISO 2006 and VDI with comparison against numerical FEA and experimental strain gauge techniques. The unofficial internal AGMA method was included to highlight its inappropriateness for internal gears.
Where possible, the geometrical values required to calculate the form and geometry factors, such as the root chord length (s Fn ) and beam bending height (h Fe ) were established directly from accurate 2D transverse tooth profiles. However, the difficulty associated with physically measuring an ever changing trochoid root fillet radius at a single point, led to this being determined analytically in accordance with the respective standards.
Finally, because ISO 1996 replaces the actual tooth shape with an equivalent 'special rack', the geometrical dimensions required for its stress analysis had to be determined analytically in accordance with ISO 6336:1996 method B. Both Kawalec and Wiktor 11 and von Eiff et al. 12 present a valuable insight into the errors associated with the assumption of a special rack, as opposed to the actual tooth shape.
ISO, VDI, AGMA, FEA and strain gauge comparison
Due to the difference in the predicted location of maximum root bending stress established in accordance with each of the analytical methods, it was decided to validate the theory against experimentally generated strain gauge results on an actual gear tooth, in addition to FEA. To minimise the errors associated with the positional accuracy of strain gauging normal module gear teeth in locations of high stress gradients, as has been previously discussed, 18 a large module internal gear with a 4 m reference diameter was manufactured, the details of which are presented in Table 1 and illustrated in Figure 2 (a). Note that only partial adjacent gear teeth were manufactured, as has previously been investigated so as not to introduce stress analysis errors. 18 The gear tooth profile was wire cut from hardened (approximately 650 Hv) and ground gauge plate with a profile tolerance of AE50 mm. The gear tooth was statically clamped using a bespoke jig -all faces of which had been precision ground -which was bolted to an Instron loading machine, as illustrated in Figure 2(b) . An independent compression load cell, with valid UKAS force certification, was used to calibrate the Instron. A loading anvil with a convex tip was necessary for loading the internal involute profile, and was designed and manufactured such that it was longitudinally stiff but axially (with regards to the gear tooth) flexible. This, together with the accurately ground jig and tooth faces minimised nonuniform load distribution (k F ) which was assumed to be unity.
As one may expect, FEA of the gear tooth illustrated in Figure 2 merely provided yet another location of maximum root bending stress which was neither at the 30 or 60 tangent point -or indeed the tangency of the inscribed parabola -but in fact lay in-between both the 30 and 60 tangent points as illustrated in Figure 3 . This is not unusual as it has already been shown 11, 12 that the angle can vary between approximately 35 -60 depending on the gear and tool geometry. The inscribed Lewis parabola (point A) was situated on the flank which is clearly inaccurate. ISO 1996 and the 30 tangent point was furthest up the root (Point B) followed by FEA (point C) and ISO 2006 and VDI (point D) that is the 60 tangent point. Because of the large variation in the theoretical positions of critical bending, it was decided to experimentally measure stress at each location using 0.79 mm active width constantan strain gauges, calibrated via a shunt resistor, as illustrated in Figure 4 (a) and (b). To compensate for temperature fluctuations and their resulting errors, three additional unstressed gauges were used, per measurement position, thus completing the Wheatstone bridge circuit. With the application of a bridge voltage, an amplified output voltage was supplied via and RPD transducer, which was subsequently converted to stress.
Results
The analytical stresses established in accordance with ISO, VDI and AGMA, as presented in equations (1) through (3), were compared with numerical stresses based on the ANSYS model illustrated in Figure 5 . With regards to the FEA, the bore of the tooth had all degrees of freedom fixed, whilst a line force was applied at the point of loading.
The strain gauge root bending stresses were compared with numerical FEA using a model of the full jig and anvil, as per the experimental set-up illustrated in Figure 6 . Note that the fundamental theory of the finite element method is omitted, as this welldocumented process 24 is not the intention of this research. However, details of appropriate boundary conditions, mesh discretisation and contact conditions are defined as follows.
Contact conditions between the tip of the convex anvil and concave involute profile were dealt with using the augmented Lagrange formulation with frictional flank contact ( ¼ 0.125) and program controlled normal contact stiffness. Load was applied to the anvil in the vertical direction via its top face, with all degrees on freedom on the base of the jig fixed. The influence of preload from the jig bolts were assumed negligible and were therefore absent from the analysis. All remaining mating jig surfaces were constrained using the ANSYS bonded contact. The difference between the results established using the two different FEA models (Figures 5 and 6) were minimal because the gear tooth, load and point of application were identical, however no single FEA model would accurately represent both scenarios. All FEA gear models were analysed as steel with a Young's modulus of 207 GPa in accordance with Callister 25 and were systematically refined using predominantly 20 node quadratic hexahedral elements until stress had converged to within 1.0%. Each finite element model was analysed at three different loads of 10, 15 and 20 kN, the results of which are illustrated in Figures 7 and 8 . The loads were chosen such that suitable levels of bending stress were induced, without causing localised plastic deformation at the anvil to involute interface due to high Hertzian contact stresses. Hence, the requirement for a hardened tooth profile as previously discussed.
Discussion and conclusions
From the results presented in Figure 7 , it is clear that there is significant variation in the location and magnitude of maximum root bending stress at each of the respective standards (ISO, VDI and internal AGMA) whilst the results established from the strain gauge experiments illustrated in Figure 8 established that FEA was the most accurate method, with an approximate error of only 0.7%. As with any experimental technique such as strain gauging, there exists a degree of measurement uncertainty which was estimated based on the procedures outlined in literature 26 to assess the errors associated with (1) strain gauge positional accuracy, (2) UKAS load cell uncertainty, (3) accuracy of the point of loading, (4) measurement resolution error, (5) shunt calibration accuracy and (6) measurement repeatability. This resulted in an average expanded uncertainty (95% CI) of approximately 1.7%.
Comparing only maximum stress values, ISO 1996 considerably overestimated the root bending stress by 69.8% because it underestimated the root fillet radius and root chord length as a consequence of assuming a special rack profile and the 30 tangent point. VDI was the most accurate official analytical method, underestimating stress by only 3.2% when compared to FEA, whilst ISO 2006 overestimated stress by 4.3%. Here, the difference between the stresses established in accordance with ISO 2006 and VDI, both of which had almost identical stress concentration factors, was attributed to how the standards deal with the compressive component of stress. It is perhaps understandable that by ignoring the radial component of loading, the tensile fillet stress calculated in accordance with ISO 2006 is overestimated, when compared to the VDI method.
The maximum bending stress established in accordance with the internal AGMA method was within 1.8% of the FEA results, however, this is coincidental because (1) the Lewis parabola makes contact with the flank underestimating the root chord length and beam bending height; thus compensating for one another and masking the true errors of the method and (2) the stress concentration factor based on the work of Dolan and Broghamer 3 is applied based on root geometry which is completely un-associated with the location of the tangency of the inscribed parabola. Thus, although the internal AGMA method provided the most accurate analytical result, it has no justification, and should not be used, as per AGMA's recommendations.
Although accurate, it can be argued that achieving FEA results requires far more effort than preprogrammed analytical procedures such as ISO 2006 and VDI. It may be argued further that the results established in accordance with both ISO 2006 and VDI are quite reasonable, since other sources of error such as load distribution, manufacturing errors, dynamic loads, application factors, planetary load sharing and permissible material strength -though not strictly an error on stress -probably far exceed the uncertainty surrounding the most current methods of internal gear stress analysis.
